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1) Let A be a commutative ring and M a finitely generated A-module. Let I be any ideal
contained in the Jacobson radical of A. Show that for any finitely generated module M , if
IM = M , then M = 0.

2) A topological space X is called Noetherian if it satisfies the ascending chain condition
on open sets.
a) Show that X is Noetherian if and only if every collection of open sets has a maximal ele-
ment.
b) Show that if R is a Noetherian ring, then Spec R is a Noetherian topological space.

3) A maximal irreducible subset of a topological space X is called an irreducible component.
a) Use Zorn’s lemma to show that maximal irreducible components always exist in Noethe-
rian spaces.
b) Show that a Notherian topological space has only finitely many irredicible components.
c) Show that a Noetherian topologcal space has only initely many irreducilbe components.
d) Show that minimal prime ideals in a Noetherian ring A correspond to maximal irre-
ducible sets in SpecA. In particular, a Noetherian ring has only finitely many minimal
prime ideals.

4) Let A ⊂ B be an integral extension of rings. For any B-module M , let annB(M) be the
ideal in B consisting of elements b in B such that bM = 0. This is called the annihilator
ideal of M . Show that if b in B is integral over A, then there exists a finitely generated
A-submodule M of B such that bM ⊆M and annB(M) = 0.

5) Let p be a prime number in Z.. Show that

{r ∈ Q | r = a/b, a, b ∈ Z, b 6= 0, p does not divide b}

is a discrete valuation ring with quotient field Q.
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