The University of British Columbia

Final Examination - June 23, 2015

Math 340

Closed book examination

Last Name First Signature

Student Number

Special Instructions:

Time: 2.5 hours

No books, notes, or calculators are allowed. The exams consists of 13 pages plus a formula sheet. Please

show your work and explain your answers.

Senate Policy: Conduct during examinations
e Each examination candidate must be prepared to produce, upon the request
of the invigilator or examiner, his or her UBCcard for identification.

¢ Candidates are not permitted to ask questions of the examiners or invigilators,
except in cases of supposed errors or ambiguities in examination questions,
illegible or missing material, or the like,

e No candidate shall be permitted to enter the examination room after the
expiration of one-half hour from the scheduled starting time, or to leave during
the first half hour of the examination. Should the examination run forty-five
(45) minutes or less, no candidate shall be permitted to enter the examination
room once the examination has begun.

e Candidates must conduct themselves honestly and in accordance with es-
tablished rules for a given examination, which will be articulated by the ex-
aminer or invigilator prior to the examination commencing. Should dishonest
behaviour be observed by the examiner(s) or invigilator(s), pleas of accident or
forgetfulness shall not be received.

e Candidates suspected of any of the following, or any other similar prac-
tices, may be immediately dismissed from the examination by the exam-
iner/invigilator, and may be subject to disciplinary action:

(a) speaking or communicating with other candidates, unless otherwise au-
thorized;

(b) purposely exposing written papers to the view of other candidates or
imaging devices;

(c) purposely viewing the written papers of other candidates;

(d) using or having visible at the place of writing any books, papers or other
memory aid devices other than those authorized by the examiner(s); and,

(e) using or operating electronic devices including but not limited to tele-
phones, calculators, computers, or similar devices other than those authorized
by the examiner(s)—(electronic devices other than those authorized by the ex-
aminer(s) must be completely powered down if present at the place of writing).

e Candidates must not destroy or damage any examination material, must hand
in all examination papers, and must not take any examination material from
the examination room without permission of the examiner or invigilator.

e Notwithstanding the above, for any mode of examination that does not fall
into the traditional, paper-based method, examination candidates shall adhere
to any special rules for conduct as established and articulated by the examiner.

o Candidates must follow any additional examination rules or directions com-
municated by the examiner(s) or invigilator(s).

1 12
2 12
3 13
4 13
5 15
6 20
7 15
Total 100
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Problem 1: Short answer questions (12 points)
Each question is worth 3 marks. Explain your answers.

(a) Alice and Betty are playing a matrix game, with the irreducible payoff matrix for Alice given by

AN for some real numbers a,b,c,d.
c d

Given the fact that this is a fair game, what is the value of Alice plays mixed?
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(b) Suppose A is replaced by A7. Can the value of Alice plays pure change?
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(¢) Two professors at a famous university are arguing over who gets to teach Math 340 and who stays to
teach Math 152, They both can teach both courses, and each get the same (top secret!) amount C for each
of the courses. Formulate the problem of assigning a prof. for each course while minimizing the cost as an
integer/binary programming problem.
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(d) Formulate the appropriate LP relaxation of the above problem.
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Problem 2 (12 points)

Consider the following LP:

mazimize  3x1 + dxg + 223
subject to  —2xz1 + 24 + z3 < 5,
31+ z2—z3 <10,
T1,T2,T3 = 0.

1. [3 pts| What is the dual LP problem?

2. [3 pts] Find (directly, without using the simplex method) the best solution to the primal problem
with 23 =0 :i

3. [6 pts] Use complementary slackness to check whether the solution you found in b%is an optimal
solution for the problem.
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Problem 3 (13 points)

Consider the following integer problem:

mazimize —x1+ 3o

subject to w1 +x2 < 2,
—T1 + 23 < 1,
1,z integers,
z1,52 2> 0.

[2 pts] Sketch the feasible domain for the LP relaxation of this problem.
[2 pts] What is the optimal solution for the LP relaxation?

N

. |4 pts] What is the optimal solution to the original problem?
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. [5 pts] What is an appropriate branching of the problem? Sketch the domains of the two subproblems.
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Problem 4 (13 points)

Consider the following dictionary obtained for a linear programming problem:

1.
2.
3.

Ty = 1 + Ty — T3
Tg = —4 - Trg 2(1}3
z = 3 — 2z9 — 3x3

[3 pts] Is this dictionary feasible (does it correspond to a feasible solution)?

[6 pts] Write down the dual dictionary. Is it feasible?

[56 pts] Can you get either an upper or lower bound for the optimal value of the objective function z
using the dictionaries from part 1 and 27
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June 23, 2015 Math 340

Problem 5 (15 points)

Solve the following LP using the revised simplex method

2z1 + 3z2 + z3
z1 + z2 + 23 £ 10,
21 + 13 — x3 < 12,
T1,Z2,T3 > 0.

maximize
subject to

‘What is the optimal solution and what is the optimal value of the objective function? .
Note: You should not have to go through more than two iterations!
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Problem 6 (20 points)

A local shop can bake three types of energy bars from three available ingredients- puffed rice, almonds and
chocolate, given in the following table:

bar 1 bar2 bar3 availability

puffed rice 0 1 3 5
almonds 1 1 4 8
chocolate 1 2 6 14
$ profit 2 3 8

Let z; denote the amount of bar ¢ to bake and let z3; denote the ith slack for ¢ = 1,2,3. The final dictionary
is:

gy = 3 — x3 + T4 — Ts

g = 5 — g — T4

g = 1 + ®3 + m4 + w5
z = 21 -— 3:1)3 - T4 - 2:1:5

1. {2] How many units from each type of energy bar should the shop bake? What is the maximum net
profit?

2. [4] What is =% for the final dictionary?
3. [4] What is B for the final dictionary?

4, [10] Find the range of cy, i.e., the net profit per unit for bar 2, such that the original optimal basis
remains optimal.
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Problem 7 (15 points)

Consider the following LP:

Name:

Page 12 of 13 pages

mazimize
subject to

—2z1 + 3x2
z2 < 2,
-z < -3,
T1,T2 2 0.

1. [6 pts] Taking advantage of the symmetry between the problem and its dual, compute step 1 of the
first iteration of the path following algorithm, when starting from the point

T
T2
S1
S2

2 K1
2 .
2 i1
2 12

2. [10 pts] Write down explicitly the system of four equations you get for the four variables Az1, Azz, Asy, Asy.
You do not have to solve these equations. '
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